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Let F(2ν+δ)q be one of (2ν + δ)-dimensional classical spaces over
the ﬁnite ﬁeld Fq, where δ = 0, 1, or 2. For 0 i < ν , let P0 denote
a maximal totally isotropic subspace of F(2ν+δ)q , and let Q0 denote
an (i + ω,ω)-totally isotropic subspace of F(2ν+δ)q contained in P0,
here ω = 0 or 1. Suppose L(Q0, P0,ω; 2ν + δ) denotes the set of
all the totally isotropic subspaces U such that U ∩ P0 = Q0 includ-
ing F(2ν+δ)q . Partially ordered by ordinary or reverse inclusion, two
families of ﬁnite lattices are obtained. This paper discusses their
atomic property, geometricity, and compute their characteristic
polynomials.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Now we recall some deﬁnitions and terminologies about ﬁnite poset and lattices. The reader is
referred to [1,9] for details.
Let P be a poset with partial order . As usual, we write a < b whenever a b and a /= b. For any
two elements a, b ∈ P, we say a covers b, denoted by b < · a, if b < a and there exists no c ∈ P such
that b < c < a. If P has the minimum (resp. maximum) element, then we denote it by 0 (resp. 1). In
this case we say that P is a poset with 0 (resp. 1). Let P be a ﬁnite poset with 0. By a rank function on P,
we mean a function r from P to the set of all the nonnegative integers such that
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(i) r(0) = 0.
(ii) r(a) = r(b) + 1 whenever b < · a.
Observe the rank function of P is unique if it exists.
Let P be a ﬁnite poset with 0 and 1. The polynomial
χ(P, t) = ∑
a∈P
μ(0, a)tr(1)−r(a)
is called the characteristic polynomial of P, where r is the rank function on P.
A poset L is said to be a lattice if both a ∨ b := sup{a, b} and a ∧ b := inf{a, b} exist for any two
elements a, b ∈ L. Let L be a ﬁnite lattice with 0. By an atom in L, we mean an element in L covering 0.
We say L is atomic if any element in L \ {0} is a union of atoms. A ﬁnite atomic lattice L is said to be
geometric if L admits a rank function r satisfying
r(a ∧ b) + r(a ∨ b) ≤ r(a) + r(b)
for any two distinct elements a, b ∈ L.
The results on the lattices generated by orbits of subspaces under ﬁnite classical groups may be
found in Huo, Liu and Wan [4–6], Huo and Wan [7–9], Gao and You [2,3], Wang and Feng [11], Wang
and Guo [12,13],Wang and Li [14]. In this paper, we construct two families of ﬁnite lattices from totally
isotropic subspaces in classical spaces, discuss their atomic property, geometricity, and compute their
characteristic polynomials.
2. Classical spaces
In this sectionwe shall ﬁrst introduce the concepts of totally isotropic subspaces in classical spaces,
and then introduce our main results. Notation and terminology will be adopted fromWan’s book [10].
Suppose
K =
(
0 I(ν)
−I(ν) 0
)
, Ss,0 =
(
0 I(s)
I(s) 0
)
,
Ss,1 =
(
Ss,0
1
)
, Ss,2 =
⎛
⎝Ss,0 0 1
1 1
⎞
⎠ .
The symplectic group of degree 2ν over Fq, denoted by Sp2ν(Fq), consists of all 2ν × 2ν matrix T
over Fq satisfying TKT
t = K . The row vector space F(2ν)q together with the right multiplication action
of Sp2ν(Fq) is called the 2ν-dimensional symplectic space overFq. Anm-dimensional subspace P in 2ν-
dimensional symplectic space is said to be of type (m, s), if PKPt is of rank 2s. In particular, subspaces of
type (m, 0) are called (m, 0)-totally isotropic subspaces, and (ν , 0)-totally isotropic subspaces are called
maximal totally isotropic subspaces.
Let q = q20, where q0 is a prime power. Then Fq has an involutive automorphism a → a¯ = aq0 . The
unitary group of degree 2ν + δ (δ = 0 or 1) over Fq, denoted by U2ν+δ(Fq), consists of all (2ν + δ) ×
(2ν + δ) matrix T over Fq satisfying TSν ,δTt = Sν ,δ . The row vector space F(2ν+δ)q together with the
right multiplication action of U2ν+δ(Fq) is called the (2ν + δ)-dimensional unitary space over Fq. An
m-dimensional subspace P in (2ν + δ)-dimensional unitary space is said to be of type (m, r), if PSν ,δPt
is of rank r. In particular, subspaces of type (m, 0) are called (m, 0)-totally isotropic subspaces, and
(ν , 0)-totally isotropic subspaces are calledmaximal totally isotropic subspaces.
Suppose q is even. The pseudo-symplectic group of degree 2ν + δ (δ = 1 or 2) over Fq, denoted
by Ps2ν+δ(Fq), consists of all (2ν + δ) × (2ν + δ)matrix T over Fq satisfying TSν ,δTt = Sν ,δ . The row
vector spaceF(2ν+δ)q togetherwith the rightmultiplication action of Ps2ν+δ(Fq) is called the (2ν + δ)-
dimensional pseudo-symplectic space over Fq. Anm-dimensional subspace P in (2ν + δ)-dimensional
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pseudo-symplectic space is a subspace of type (m, 2s + τ , s, ε), where τ = 0, 1, or 2 and ε = 0 or 1,
if
(i) PSν ,δP
t is cogredient to diag (Ss,τ , 0
(m−2s−τ)), and
(ii) e2ν+1 
∈ P or e2ν+1 ∈ P accoding to ε = 0 or 1, respectively.
In particular, subspaces of type (m + ω, 0, 0,ω) are called (m + ω,ω)-totally isotropic subspaces, and
(ν + ω,ω)-totally isotropic subspaces are called maximal totally isotropic subspaces, where ω = 0 or
1 according to δ = 1 or 2, respectively.
Denote byK2ν+δ (δ = 0, 1 or 2) the set of all (2ν + δ) × (2ν + δ) alternate matrices over Fq. Two
(2ν + δ) × (2ν + δ)matricesAandBoverFq are said tobe congruentmodK2ν+δ , denotedA ≡ B (mod
K2ν+δ), if A − B ∈ K2ν+δ . Clearly, ≡ is an equivalence relation on the set of all (2ν + δ) × (2ν + δ)
matrices. Let [A] denote the equivalence class containing A. Two matrix classes [A] and [B] are said to
be cogredient if there is a nonsingular (2ν + δ) × (2ν + δ) matrix Q over Fq such that [QAQt] ≡ [B].
For q being odd, let
S2s+δ,Δ =
(
Ss,0
Δ
)
, where Δ =
⎧⎨
⎩
∅, if δ = 0,
(1) or (z), if δ = 1,
diag(1,−z), if δ = 2,
where z is a ﬁxed non-square element of Fq. For q being even, let
S2s+δ,Δ =
⎛
⎝0 I(s)0
Δ
⎞
⎠ , where Δ =
⎧⎪⎪⎨
⎪⎪⎩
∅, if δ = 0,
(1), if δ = 1,(
α 1
α
)
, if δ = 2,
where α is a ﬁxed element of Fq such that α /∈ {x2 + x | x ∈ Fq}. The orthogonal group of degree
2ν + δ over Fq with respect to S2ν+δ,Δ, denoted by O2ν+δ,Δ(Fq), consists of all (2ν + δ) × (2ν + δ)
matrices T over Fq satisfying [TS2ν+δ,ΔTt] ≡ [S2ν+δ,Δ]. The row vector space F(2ν+δ)q together with
the right multiplication action of O2ν+δ,Δ(Fq) is called the (2ν + δ)-dimensional orthogonal space
over Fq. An m-dimensional subspace P in (2ν + δ)-dimensional orthogonal space is a subspace of
type (m, 2s + γ , s,) if PS2ν+δ,ΔPt is cogredient to diag (S2s+γ , , 0(m−2s−γ )). In particular, subspaces
of type (m, 0, 0) are called (m, 0)-totally isotropic subspaces, and (ν , 0)-totally isotropic subspaces are
calledmaximal totally isotropic subspaces.
LetF(2ν+δ)q denoteoneof (2ν + δ)-dimensional classical spaces, and letG2ν+δ be thecorresponding
classical group. For each i, we assume that ei denotes the (2ν + δ)-dimensional row vector whose i-th
component is 1 and other components are 0’s.
For 0 i < ν and ω = 0 or 1, let P0 denote a maximal totally isotropic subspace of F(2ν+δ)q ,
and let Q0 ⊆ P0 denote an (i + ω,ω)-totally isotropic subspace of F(2ν+δ)q . Since G2ν+δ acts tran-
sitively on the set of such pairs (P0,Q0), we may assume that P0 = 〈e1, e2, . . . , eν ,ωe2ν+1〉, Q0 =〈e1, e2, . . . , ei,ωe2ν+1〉. Let M(Q0, P0,m + ω,ω; 2ν + δ) denote the set of all (m + ω,ω)-totally
isotropic subspaces Q of F(2ν+δ)q satisfying P0 ∩ Q = Q0, and let
L(Q0, P0,ω; 2ν + δ) =
ν⋃
m=i
M(Q0, P0,m + ω,ω; 2ν + δ) ∪ {F(2ν+δ)q }.
Partially ordered by ordinary or reverse inclusion, L(Q0, P0,ω; 2ν + δ) is a poset, denoted
by LO(Q0, P0,ω; 2ν + δ) or LR(Q0, P0,ω; 2ν + δ), respectively. For any two subspaces
U, W ∈ LO(Q0, P0,ω; 2ν + δ),
U ∧ W = U ∩ W ,
U ∨ W = ⋂{P ∈ LO(Q0, P0,ω; 2ν + δ) | P ⊇ U + W}.
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Similarly, for any two subspaces U, W ∈ LR(Q0, P0,ω; 2ν + δ),
U ∧ W = ⋂{P ∈ LR(Q0, P0,ω; 2ν + δ) | P ⊇ U + W},
U ∨ W = U ∩ W .
Therefore, both LO(Q0, P0,ω; 2ν + δ) and LR(Q0, P0,ω; 2ν + δ) are ﬁnite lattices.
In this paper, we obtain the following results.
Theorem 2.1. Given a (2ν + δ)-dimensional classical space. Let 0 i < ν and ω = 0 or 1. Then
(i) LO(Q0, P0,ω; 2ν + δ) (resp. LR(Q0, P0,ω; 2ν + δ) except the orthogonal space F(2ν)q ) is atomic.
(ii) LO(Q0, P0,ω; 2ν + δ) (resp.LR(Q0, P0,ω; 2ν + δ) except the orthogonal spaceF(2ν)q ) is geometric
if and only if i = ν − 1.
Theorem 2.2. With the assumption of Theorem2.1, the characteristic polynomial ofLR(Q0, P0,ω; 2ν + δ)
is
χ(LR(Q0, P0,ω; 2ν + δ), t) = tν+1−i −
ν∑
m=i
|M(Q0, P0,m + ω,ω; 2ν + δ)|gm−i(t),
where gm−i(t) = ∏m−i−1l=0 (t − ql), and |M(Q0, P0,m + ω,ω; 2ν + δ)| is given by Lemma 3.1.
3. Some lemmas
In this section we give some lemmas which are needed in the proof of Theorem 2.1.
Lemma 3.1. Let 0 i ν , im ν , and ω = 0 or 1. Then
|M(Q0, P0,m + ω,ω; 2ν + δ)|
= q(m−i)(ν−m)
[
ν − i
m − i
]
q
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q(m−i)(m−i+1)/2, the symplectic case,
q(m−i)2/2+(m−i)δ , the unitary case,
q(m−i)(m−i−1)/2+(m−i)δ , the orthogonal case,
q(m−i)(m−i+1)/2, the pseudosymplectic case,
where
[
ν − i
m − i
]
q
= ∏ν−il=ν−m+1(ql − 1)/∏m−il=1 (ql − 1).
Proof. We only prove the theorem in the symplectic space, the proofs in other spaces are similar and
will be omitted. Each Q ∈M(Q0, P0,m, 0; 2ν) has a matrix representation of the form(
I(i) 0 0(i) 0
0 A2 0 A4
)
, (1)
where both A2 and A4 are (m − i) × (ν − i)matrices, rank A4 = m − i and A2At4 − A4At2 = 0. Clearly,
A4 is an (m − i)-dimensional subspace of F(ν−i)q .
For any (m − i)-dimensional subspace A′4 of F(ν−i)q , since the transitivity of the symplectic group
Sp2ν(Fq) on the set of all (m, 0)-totally isotropic subspaces, the number of subspaces of form (1) is
equal to the number of subspaces with the form(
I(i) 0 0(i) 0
0 A2 0 A
′
4
)
.
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Without loss of generality, we may pick A4 = (I(m−i), 0(m−i, ν−m)). Then
Q =
(
I(i) 0(m−i) 0 0(i) 0 0
0 A21 A22 0 I
(m−i) 0(m−i, ν−m)
)
, (2)
where At21 = A21. Since the matrix representation of Q as the form (2) is unique,
|M(Q0, P0,m, 0; 2ν)| = q(m−i)(2ν−m−i+1)/2
[
ν − i
m − i
]
q
. 
Lemma 3.2. Let 0 i ν , im ν , andω = 0 or 1. For any twoQ ,Q ′ ∈M(Q0, P0,m + ω,ω; 2ν + δ),
there exists T ∈ G2ν+δ such that P0 = P0T and Q ′ = QT .
Proof. We only prove the theorem in the symplectic space, the proofs in other spaces are similar
and will be omitted. Since P0 is a maximal totally isotropic subspace, both P0 + Q and P0 + Q ′ are
subspaces of type (ν + m − i,m − i). By the transitivity of Sp2ν(Fq) on the set of subspaces with the
same type, there exists T ∈ Sp2ν(Fq) such that P0 = P0T and Q ′ = QT . 
Lemma 3.3. Let 0 i ν , im ν , and ω = 0 or 1. Then for any Q ∈M(Q0, P0,m + ω,ω; 2ν + δ),
the number of subspaces containing Q inM(Q0, P0, ν + ω,ω; 2ν + δ) is
ϑ =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q(ν−m)(ν−m+1)/2, the symplectic case,
q(ν−m)(ν−m+2δ)/2, the unitary case,
q(ν−m)(ν−m−1+2δ)/2, the orthogonal case,
q(ν−m)(ν−m+1)/2, the pseudosymplectic case.
Proof. By Lemma3.2, for anyQ ∈M(Q0, P0,m + ω,ω; 2ν + δ), the number of elements inM(Q0, P0,
ν + ω,ω; 2ν + δ) containing Q is a constant.
LetM beabinarymatrixwith row-indexed (resp. column-indexed)byM(Q0, P0,m + ω,ω; 2ν + δ)
(resp.M(Q0, P0, ν + ω,ω; 2ν + δ)) such thatM(A, B) = 1 if and only ifA ⊆ B. If we count the number
of 1’s in the matrix by rows, by Lemma 3.1 we obtain
|M(Q0, P0,m + ω,ω; 2ν + δ)|ϑ.
If we count the number of 1’s in the matrix by columns, by Lemmas 3.1 and [10, Corollary 1.9], we
obtain
|M(Q0, P0, ν + ω,ω; 2ν + δ)|
[
ν − i
m − i
]
q
.
Therefore,
ϑ =
|M(Q0, P0, ν + ω,ω; 2ν + δ)|
[
ν − i
m − i
]
q
|M(Q0, P0,m + ω,ω; 2ν + δ)| .
The desired results follow by Lemma 3.1. 
Lemma 3.4. Let i + 2 ν and ω = 0 or 1. For any Q ∈M(Q0, P0, i + 1 + ω,ω; 2ν + δ), the number
of subspaces containing Q inM(Q0, P0, i + 2 + ω,ω; 2ν + δ), denoted by ζ , is equal to
ζ = qν−i−2
[
ν − i − 1
1
]
q
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q, the symplectic case,
q1/2+δ , the unitary case,
qδ , the orthogonal case,
q, the pseudo-symplectic case.
Proof. The proof is similar to that of Lemma 3.3, and will be omitted. 
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4. Proof of main results
In this section we shall prove our main results.
Proof of Theorem 2.1. For any U ∈ L(Q0, P0,ω; 2ν + δ), deﬁne
rO(U) =
{
ν + 1 − i, if U = F(2ν+δ)q ,
dimU − i − ω, otherwise;
rR(U) =
{
0, if U = F(2ν+δ)q ,
ν + 1 + ω − dimU, otherwise.
Then rO(resp. rR) is the rank function on LO(Q0, P0,ω; 2ν + δ) (resp. LR(Q0, P0,ω; 2ν + δ)).
(i) Note that Q0 is the minimum element andM(Q0, P0, i + 1 + ω,ω; 2ν + δ) is the set of atoms
of LO(Q0, P0,ω; 2ν + δ). Given any (m + ω,ω)-totally isotropic subspace
U = 〈e1, . . . , ei, α1, · · · , αm−i, ωe2ν+1〉 ∈ LO(Q0, P0,ω; 2ν + δ),
Uj = 〈e1, . . . , ei, αj , ωe2ν+1〉 is an atom for each j = 1, . . . ,m − i. Since
U = U1 ∨ · · · ∨ Um−i,
the lattice LO(Q0, P0,ω; 2ν + δ) is atomic.
Note that F(2ν+δ)q is the minimum element andM(Q0, P0, ν + ω,ω; 2ν + δ) is the set of atoms
of LR(Q0, P0,ω; 2ν + δ). For any U ∈M(Q0, P0, ν − 1 + ω,ω; 2ν + δ), by Lemma 3.3, there exist
two distinct subspaces U1, U2 ∈M(Q0, P0, ν + ω,ω; 2ν + δ) except the orthogonal space F(2ν)q such
that U = U1 ∨ U2. Now suppose that each element of M(Q0, P0,m + 1 + ω,ω; 2ν + δ) is a union
of some atoms, where m ν − 2. For any U ∈MO(Q0, P0,m + ω,ω; 2ν + δ), by Lemma 3.3 there
exists a subspace U1 ∈M(Q0, P0, ν + ω,ω; 2ν + δ) containing U. By [10, Corollary 1.9], there exist[
ν − m
1
]
q
 2 elements ofM(Q0, P0,m + 1 + ω,ω; 2ν + δ) containing U and contained in U1. For two
distinct such elements V1 and V2, U = V1 ∨ V2; and so the lattice LR(Q0, P0,ω; 2ν + δ) is atomic.
(ii) It is routine to show that LO(Q0, P0,ω; 2ν + δ) (resp. LR(Q0, P0,ω; 2ν + δ) except the orthog-
onal space F(2ν)q ) is geometric when i = ν − 1.
Now suppose that i ν − 2. For a given U ∈M(Q0, P0, i + 1 + ω,ω; 2ν + δ), by Lemma 3.4, the
number of subspaces inM(Q0, P0, i + 2 + ω,ω; 2ν + δ) containing U is equal to ζ . By [10, Corollary
1.9], for each U1 ∈M(Q0, P0, i + 2 + ω,ω; 2ν + δ) containing U, the number of subspaces of U1
contained inM(Q0, P0, i + 1 + ω,ω; 2ν + δ) is equal to q + 1. By Lemma 3.1,
|M(Q0, P0, i + 1 + ω,ω; 2ν + δ)| − qζ  2.
It follows that thereexistsV ∈M(Q0, P0, i + 1 + ω,ω; 2ν + δ) \ {U} such thatU + V /∈M(Q0, P0, i +
2 + ω,ω; 2ν + δ); and so U ∨ V = F(2ν+δ)q . Therefore, rO(U ∨ V) + rO(U ∧ V) = ν − i + 1 > 2 =
rO(U) + rO(V). Hence LO(Q0, P0,ω; 2ν + δ) is not geometric whenever i ν − 2.
For a given U ∈M(Q0, P0, ν + ω,ω; 2ν + δ), by [10, Corollary 1.9], the number of subspaces of U
inM(Q0, P0, ν − 1 + ω,ω; 2ν + δ) is equal to (qν−i − 1)/(q − 1). For each U1 ∈M(Q0, P0, ν − 1 +
ω,ω; 2ν + δ) contained in U, by Lemma 3.3 the number of elements inM(Q0, P0, ν + ω,ω; 2ν + δ)
containing U1 is equal to
α =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
q, the symplectic case,
q1/2+δ , the unitary case,
qδ , the orthogonal case,
q, the pseudosymplectic case.
By Lemma 3.1,
|M(Q0, P0, ν + ω,ω; 2ν + δ)| − (α − 1)(qν−i − 1)/(q − 1) 2.
It follows that thereexistsV ∈M(Q0, P0, ν + ω,ω; 2ν + δ) \ {U} such thatdim(U ∩ V) ν + ω − 2.
So rR(U ∨ V) + rR(U ∧ V) 3 > 2 = rR(U) + rR(V). Hence LR(Q0, P0,ω; 2ν + δ) is not geometric
whenever i ν − 2. 
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Proof of Theorem 2.2. For convenience, we write L = LR(Q0, P0,ω; 2ν + δ). For U ∈ L, let
LU = {V ∈ L|V U}.
Note that LF
(2ν+δ)
q = L. Since Q0 is the maximum element and F(2ν+δ)q is the minimum element in L,
the characteristic polynomial of L is
χ(L, t) = ∑
U∈L
μ(F(2ν+δ)q ,U)tν+1−i−rR(U).
By the Möbius inversion formula
tν+1−i = ∑
U∈L
χ(LU , t).
Hence
χ(L, t) = tν+1−i − ∑
U∈L\{F(2ν+δ)q }
χ(LU , t)
= tν+1−i −
ν∑
m=i
|M(Q0, P0,m + ω,ω; 2ν + δ)|gm−i(t),
where gm−i(t) = ∏m−i−1l=0 (t − ql), g0(t) = 1. 
Remark. For 0 i < ν and ω = 0 or 1. Let
L(i + ω, P0,ω; 2ν + δ)
= ⋃
Q1∈M(i+ω,ω;P0)
ν⋃
m=i+1
M(Q1, P0,m + ω,ω; 2ν + δ) ∪ {{0}, F(2ν+δ)q },
where M(i + ω,ω; P0) is the set of all (i + ω,ω)-totally isotropic subspaces of F(2ν+δ)q contained
in P0. Partially ordered by ordinary or reverse inclusion, L(i + ω, P0,ω; 2ν + δ) is a ﬁnite lattice,
respectively. We may obtain the results similar to Theorem 2.1 and Theorem 2.2.
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